A natural generalization of the binary XOR games to the class of XOR-d games with d > 2 outcomes is studied. We propose an algebraic bound to the quantum value of these games and use it to derive several interesting properties of these games. As an example, we re-derive in a simple manner a recently discovered bound on the quantum value of the CHSH-d game for prime d. It is shown that no total function XOR-d game with uniform inputs can be a pseudo-telepathy game, there exists a quantum strategy to win the game only when there is a classical strategy also. We then study the principle of lack of quantum advantage in the distributed non-local computation of binary functions which is a well-known information-theoretic principle designed to pick out quantum correlations from amongst general no-signaling ones. We prove a large-alphabet generalization of this principle, showing that quantum theory provides no advantage in the task of non-local distributed computation of a restricted class of functions with d outcomes for prime d, while general no-signaling boxes do. Finally, we consider the question whether there exist two-party tight Bell inequalities with no quantum advantage, and show that the binary non-local computation game inequalities for the restricted class of functions are not facet defining for any number of inputs.
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Introduction. Non-local correlations are one of the most intriguing aspects of Nature, evidenced in the violation of Bell inequalities. Besides their foundational interest, these correlations have also proven to be useful in information processing tasks such as secure deviceindependent randomness amplification and expansion [1] , cryptographic secure key generation [2] and reduction of communication complexity [3] . Concerning such applications, it is typically of interest to compute the classical and quantum value of the Bell expression, the classical value being the maximum over local realistic assignments of outcomes while the quantum value is the maximum attained using measurements on entangled quantum states. Computing the classical value is in general a hard problem, being an instance of an integer program [4, 5] . It has also been shown [6] that computing the quantum value is hard, although in some instances it is possible to compute it efficiently or to find a good approximation. A hierarchy of semi-definite programs from [7] is typically used to get (upper) bounds on the quantum value, although the quality of approximation achieved by these bounds remains unknown.
An important class of Bell inequalities for which the quantum value can be computed exactly is the class known as two-party binary XOR games or equivalently as bipartite two-outcome correlation inequalities. In a binary XOR game, the two parties Alice and Bob receive inputs x ∈ [m A ], y ∈ [m B ] (where [m A ] = {1, . . . , m A }) and respond with outputs a, b ∈ {0, 1}. The winning constraint for each pair of inputs (x, y) only depends on the XOR modulo 2 of the parties' answers, i.e., the Bell expression in the binary XOR game only involves probabilities P(a ⊕ 2 b = k|x, y) for k ∈ {0, 1}. The fact that these are equivalent to correlation inequalities for binary outcomes is simply seen by noting that in this case the correlators E x,y are given by E x,y = ∑ k=0,1 (−1) k P(a ⊕ 2 b = k|x, y). For these games, it was shown in [8, 9] based upon a theorem by Tsirelson [10] that the quantum value can be computed efficiently by means of a semi-definite program, although computing the classical value is known to be a hard problem even for this class of games [5] . Besides binary XOR games, few general results are known regarding the maximum quantum violation of classes of Bell inequalities, although computations have been performed in some specific instances [11] .
A natural generalization of the binary XOR games is to the class of XOR-d games, where the outputs of the two parties are not restricted to be binary, although the winning constraint still depends upon the xor modulo d, with d being the number of outcomes. The generalization can also be extended to the class known as LIN-EAR games [5] , where the parties output answers that are elements of a finite Abelian group and the winning constraint depends upon the group operation acting on the outputs. These games have been studied [5, 12] in the context of hardness of approximation of several important optimization problems, in attempts to identify the existence of polynomial time algorithms to approximate the optimum solution of the problem to within a constant factor. In the context of Bell inequalities, these were first studied in [13] where a large alphabet generalization of the CHSH inequality called CHSH-d was considered, which has since been investigated in [14] [15] [16] [17] , [34] . While an efficient algorithm has been shown in [19] for approximating the quantum value of any linear game up to a constant factor, this is more useful for proving certain interesting results such as the entangled parallel repetition theorem and for approximating the quantum value in instances when this is close to the (maximum possible value of) unity, while being less useful for instances such as CHSH-d. An important property of the XOR-d games concerns their relationship with communication complexity, following [20, 21] it is seen that correlations (boxes) winning a non-trivial total function XOR-d game can result in a trivialization of communication complexity. A related informationtheoretic principle called absence of non-local computation (no-NLC) has also been suggested in [22] ; this proposes that quantum correlations are those that do not provide any advantage over classical correlations in the task of distributed non-local computation of arbitrary binary functions, while general no-signaling correlations do.
In this paper, we present a linear algebraic bound to the quantum value of linear games and use it to derive several interesting properties of these games, specifically those of the XOR-d games. We illustrate the bound with the example of the CHSH-d game for prime and prime power d, comparing it with recently derived results using alternative methods. We show that for uniformly chosen inputs, no non-trivial total function XORd game can be won with a quantum strategy (in other words there is no pseudo-telepathy game [11] within this class) and consequently that these no-signaling boxes that trivialize communication complexity cannot be realized within quantum theory. We prove a certain large alphabet generalization of the no-NLC principle, showing that quantum theory provides no advantage in the task of non-local distributed computation of a restricted class of functions with d outcomes for prime d. As it has been of interest recently [23] [24] [25] to compute a non-trivial boundary (facet) of the quantum correlation set, we also consider the question whether the non-local computation inequalities are facet-defining and answer the question in the negative for the restricted class of functions with binary outputs, while the general question remains open.
A bound on the quantum value of linear games. Linear games are a generalization of binary XOR games to an arbitrary output alphabet size and are defined as follows: 
The maximum classical value of the game (the maximum over all deterministic assignments of a, b or their convex combinations) is denoted ω c (g), the value of the game achieved by a quantum strategy (POVM measurements on a shared entangled state) is denoted ω q (g), while the value achieved by no-signaling strategies (where neither party can signal their choice of input using the correlations) is denoted ω ns (g). Linear games belong to the class of unique games [19] and for every game in this class, a no-signaling box exists that wins the game, i.e., ω ns (g l ) = 1. Such a box is simply defined by the entries P(a, b|u
and 0 otherwise for all input pairs (u, v), this strategy clearly wins the game, and is no-signaling since the output distribution seen by each party is fully random, i.e., P(a|u) = P(b|v) = 1/|G|.
As in the case of Boolean functions [26, 27] , it can be seen that the classical value ω c (g l ) for any linear game is strictly greater than the pure random guess value 1/|G|.
Lemma 1. For any linear game g l corresponding to a function f (u, v) with u ∈ Q A , v ∈ Q B and for an arbitrary probability distribution q(u, v), we have
where m = min{|Q A |, |Q B |}.
We are now ready to present a bound on the quantum value of a linear game using a set of norms of its game matrices defined using the characters, generalizing the bound on binary XOR games from [22] which was rediscovered in [28] .
Theorem 2. The quantum value of a linear game g l with input sets Q A , Q B can be bounded as
where 
It should be noted that as shown in [19] , the quantum value of a linear game can be efficiently approximated, to be precise for any g l with ω q (g l ) = 1 − δ, there exists an efficient algorithm to approximate this value using a semi-definite program and a rounding procedure that gives an entangled strategy achieving ω
While this is highly significant and useful for proving results such as the entangled parallel repetition theorem for such games [19] , it would appear to be good for approximating the quantum value only when the quantum value is close to unity, which is not the case for simple examples like the CHSH-d game. For uniform probability inputs q(u, v) = 1/|Q A ||Q B | or when the input distribution possesses certain symmetries, as we shall see the simple linear algebraic bound above supplements this result and proves to be very useful to derive other interesting properties of these games.
We first illustrate the applicability of the bound by considering the flagship scenario of the CHSH-d game which is a natural generalization of the CHSH inequality to a higher dimensional output. In this game, Alice and Bob are asked questions u, v chosen uniformly at random from a finite field
where d is a prime, or a prime power. They return answers a, b ∈ F d with an aim to satisfy a ⊕ b = u · v where the arithmetic operations are taken modulo d. In [16] , an intensive study of this game was performed, with two significant results obtained on the asymptotic classical and quantum values of the game. We now apply Theorem 2 to re-derive in a simple manner the upper bound for the quantum value of CHSH-d for prime d.
Lemma 3 (see also [16]). The quantum value of the CHSHd game for prime d can be bounded as
For prime power d = p r where p is prime and r > 1 is an arbitrary integer, the quantum value is bounded by
Comparing with the numerical results of [14, 15] indicates that while the above bound may be achieved for some small d, it may not be tight in general, also note that the optimum value of the game for Pauli measurements was recently derived in [17] .
Let us now show that no non-trivial game for a total function f (u, v) (a total function is one which is defined for all input pairs (u, v)) within the class of XOR-d games g ⊕ with uniformly chosen inputs can be won by a quantum strategy, meaning that there is no pseudotelepathy game [11] within this class. This extends a similar statement proven for binary games in [8] (beyond XOR games, binary games are all games with outputs in {0, 1}).
Lemma 4. For XOR-d games g ⊕ corresponding to total functions with m questions per player, when the input distribution is uniform q(u
Following the results of [20, 21] , any non-trivial total function XOR-d game for prime d and any number of dits as input u = (u 1 , . . . , u n ), v = (v 1 , . . . , v n ) is won by a no-signaling box that trivializes communication complexity, and Lemma 4 shows that these boxes cannot be realized within quantum theory. To elaborate, it can be seen that any no-signaling box that wins a non-trivial total function XOR-d game for prime d must contain as a sub-box, one of the functional boxes of the form
having d n copies of the box and addressing this sub-box in each, Alice and Bob can compute any function of d outputs with a single dit of communication, resulting in a trivialization of communication complexity. It was recently shown that all the extremal points of the no-signaling polytope for any number of inputs and outputs cannot be realized within quantum theory [30] . It remains an open question whether all such vertices lead to a trivialization of communication complexity (at least in a probabilistic setting), if so this would be a compelling reason for their exclusion from correlations that can be realized in Nature.
XOR-d games with no quantum advantage: the task of nonlocal computation. Even though the quantum non-local correlations cannot be used to transmit information, they enable the performance of several tasks impossible in a classical world, such as the expansion and amplification of intrinsic randomness, device-independent secure key generation, etc. An unexpected limitation of quantum correlations however is the fact that they do not provide any advantage over classical correlations in the performance of an important informationtheoretic task, namely the non-local distributed computation of Boolean functions [22] , even though certain super-quantum no-signaling correlations do.
Consider a Boolean function f (z 1 , . . . , z n ) from n bits to 1 bit. A non-local (distributed) computation of the function is defined as follows. Two parties, Alice and Bob, are given inputs (x 1 , . . . , x n ) and (y 1 , . . . , y n ) obeying x i ⊕ 2 y i = z i , each bit x i , y i being 0 or 1 with equal probability. This ensures that neither party has access to any input z i on their own. To perform the non-local computation, Alice and Bob must output bits a and b respectively such that a ⊕ 2 b = f (x 1 ⊕ 2 y 1 , . . . , x n ⊕ 2 y n ). Their goal is thus to maximize the probability of success in this task for some given input distribution p(z 1 , . . . z n ) = p(x 1 ⊕ 2 y 1 , . . . , x n ⊕ 2 y n ). In [22] , it was shown that surprisingly for any input distribution p(z 1 , . . . , z n ), Alice and Bob sharing quantum resources cannot do any better than classical resources (both give rise to only a linear approximation of the computation), while they could successfully perform the task if the resources they shared were limited by the no-signaling principle alone. This lack of advantage in non-local computation was so striking that it was postulated as an information-theoretic principle that picks out quantum theory from among general no-signaling theories, in relation to the correlations that the theory gives rise to [22] . It is of interest to find whether any of the inequalities defined by these games define facets of the classical polytope (note that a facet of a polytope is a face with dimension one less than that of the polytope).
The above consideration of functions with a singlebit output is important since these encapsulate all decision problems, a natural class of problems used to define computational complexity classes. In the program of characterizing quantum correlations however, we must consider functions with multi-bit outputs as well as functions with higher input and output alphabets. We now use the bound (12) to construct a generalized non-local computation task for functions with higher input output alphabet. Consider the following generalization of the non-local computation task to XOR-d games, namely the computation of the function g(z 1 , . . . , z n ) with z i ∈ {0, . . . , d − 1} where d is a prime. In these games which we label NLC d , Alice and Bob receive n dits x n = (x 1 , . . . , x n ) and y n = (y 1 , . . . , y n ) which obey x i ⊕ d y i = z i . Their task is to output dits a, b respectively such that
where x n−1 ⊕ d y n−1 is the dit-wise XOR of the n − 1 dits, i.e., {x 1 ⊕ d y 1 , . . . , x n−1 ⊕ d y n−1 } and g is an arbitrary function from n − 1 dits to 1 dit. The inputs are chosen according to
for p(x n−1 ⊕ d y n−1 ) being an arbitrary probability distribution. We now show that the games NLC d as defined above exhibit no quantum advantage. The idea behind the proof is to show that the game matrices Φ † k Φ k for these games are diagonal in a basis composed of tensor products of the Fourier vectors corresponding to dimension d. We then present a classical strategy which achieves the quantum value, which is essentially given by the maximum singular vectors of Φ 1 .
Theorem 5. The games NLC d for arbitrary prime d and for input distribution satisfying (8) have no quantum advantage, i.e., ω c (NLC
As mentioned previously, all unique games including the XOR-d games have no-signaling value of unity, so
Note that the slight restriction in Eq. (7) (a fixed dependence on x n ⊕ d y n ), means that the games do not cover the entire class of functions considered in [22] , it remains open whether there is no quantum advantage for the remaining functions in this class as well.
We now proceed to consider whether any of the games within the non-local computation class is a tight Bell inequality, i.e., whether any of them define a facet of the local polytope. Recall that a facet of a polytope of dimension D is a face of dimension D − 1. The facets are the simplest possible description of the Bell polytope, for any box outside the polytope, there exists a facet-defining inequality violated by the box. There has been considerable interest in identifying a portion of the quantum boundary which is of maximal dimension, such a task has been achieved in the case of three or more parties [23] and has given rise to the interesting information-theoretic principle known as local orthogonality [25] . The question whether the NLC games give rise to facet-defining inequalities was left open in [22] , a partial answer was provided in [23] where it was shown that the NLC games are not facets for inputs of 2 and 3 bits. Here we answer this question in the negative for the binary NLC games for the class of functions in Eq. The proof of this statement relies on a decomposition of the non-local computation inequalities into multiple face-defining inequalities, indicating that they cannot be facets. However, the proof does not seem to extend in a straightforward manner to the NLC d games. The question of whether there exist tight two-party Bell inequalities with no quantum violation thus remains open.
Conclusions. In this paper, we have presented an easily computable bound on the quantum value of linear games, with particular emphasis on XOR-d games for prime d. We have used this bound to rule out from the quantum set a class of no-signaling boxes that result in a trivialization of communication complexity. To do this, we have shown that no uniform input total function XOR-d game can be a pseudo-telepathy game. We have also shown how the recently discovered bound on the CHSH-d game in [16] can be derived in a simple manner for prime d. Finally, we have extended the principle of no-NLC to general prime dimensional output, showing that quantum theory provides no advantage over classical theories in the distributed non-local computation of functions with prime dimensional output. We have also considered the question whether there exist tight two-party Bell inequalities with no quantum ad- 
where m = min{|Q A |, |Q B |}. 
⊓ ⊔
In what follows, we will use the notion of the characters of a finite Abelian group, defined in a standard manner as follows.
Definition 2. Let G be a finite Abelian group with |G| elements, with operation + and identity element e. A character of G denoted χ is a homomorphism from G to the multiplicative group of complex roots of unity:
The characters of G form a finite group denotedĜ under elementwise multiplication. The identity element ofĜ is denoted χ e and satisfies χ e (g) = 1 for all g ∈ G.
A useful property of the characters is that for any χ e = χ ∈Ĝ, we have ∑ g∈G χ(g) = 0 and that for any e = g ∈ G, we have ∑ χ∈Ĝ χ(g) = 0. Note that the dual group G and G are in fact isomorphic to each other. For each x ∈ G, let us denote by χ x the image of x under a fixed isomorphism of G withĜ.
Theorem 2. The quantum value of a linear game g l with input sets Q A , Q B can be bounded as
Proof. To derive a bound on the quantum value of a linear game ω q (g l ), we make use of the generalized Fourier transform on finite Abelian groups [31] . Let us first note that by the fundamental theorem of finite Abelian groups, any finite Abelian group G can be seen a direct product of cyclic groups as G ∼ = Z n 1 × Z n 2 × · · · × Z n k for some integers n 1 , . . . , n k , where × denotes the direct product and Z n denotes the cyclic group of order n. Every element x ∈ G can thus be seen as a k-tuple (x 1 , . . . , x k ) with x i ∈ Z n i . Denoting by χ a the characters of the Abelian group G, we see that these can be written as
, where ζ j = e 2πi/n j is the n j -th root of unity, and a j ∈ Z n j for j ∈ [k]. The above relation gives a total of ∏ k j=1 n j = |G| (orthogonal) characters and consequently accounts for all the characters of G. Note thatχ a (x) = χ a (−x), whereχ denotes the conjugate character, and χ a (x) = χ x (a). We now introduce the generalized correlators 
The probabilities are then given by the inversion formula
The marginals A x u are given by
where e denotes the identity element of the group with χ e being the trivial character (χ e (b) = 1 ∀b ∈ G) and we have used the no-signaling condition 
The probabilities P(a, b|u, v) that enter the game expression can therefore be evaluated as 
Now, since we do not restrict the dimension of the shared entangled states, the probabilities P (a, b|u, v 
The game expression 
The normalization of the input probability distribution ∑ u,v q(u, v) = 1 translates to α e |1 1 ⊗ Φ e |β e = 1. The quantum value ω q (g l ) of the linear game can therefore be bounded as (20) where Φ x denotes the norm of the game matrices Φ x . For games where the winning constraint only depends upon the XOR of the outcomes, i.e. V(a, b|u, v) 
Proof. The constraint that the input distributions of questions to the players are uniform, q(u, v) = 1/m 2 for all u, v, is equivalent to Φ x ≤ 1/m since both the maximum (absolute value) column sum and row sum matrix norms are equal to 1/m. Now ω q (g ⊕ ) = 1 requires from the bound in Eq. (21) 
Clearly the above equation can only be satisfied when |λ j | = |λ j ′ | ∀j, j ′ and when the phases add, i.e., when 
in other words, when the columns of the game matrix Φ 1 are proportional to each other, the proportionality factor between columns k, l being ζ θ k −θ l . In this case (with rank(Φ 1 ) = 1), a classical winning strategy which always exists for the first column of the game matrix Φ 1 can be straightforwardly extended to a classical winning strategy for the entire game, meaning ω c (g ⊕ ) = 1 also.
⊓ ⊔
Lemma 4.
[see also [16] ]. The quantum value of the CHSH-d game for prime d can be bounded as
For prime power d = p r where p is prime and r > 1 is an arbitrary integer, the quantum value is bounded by (23) (25) with g being an arbitrary function. Such a game is therefore composed of "building-block games" G(t) which are of the form
with t ∈ {0, . . . , d − 1}, i.e., f (x, y) = t · (x ⊕ d y). There are d different games G(t), each with single dit input for each party (which we will take to be x n and y n ), and these games all have classical value ω c (G(t)) = 1 ∀t. Explicitly,the classical strategy a = t · x and b = t · y wins the game G(t). We can write the corresponding (non-normalized) game matrices Φ 
with ζ = exp (2πI/d). Here the (1) in the superscript denotes that these matrices correspond to the NLC d game matrices for n = 1. Let us analyze some properties of the Φ 
with j ∈ {0, . . . , d − 1}. Moreover, we also see that each Φ 
Since, we will be concerned with finding the maximum singular vectors corresponding to a fixed k, we can encapsulate the above properties by the equation
